Weak Mirror Symmetry 
of Complex Symplectic Algebras 

R. Cleyton 

Institute fiir Mathematik, Humboldt Universitdt zu Berlin, Unter den Linden 6, 

D- 10099 Berlin, Germany 

Y. S. Poon 

Department of Mathematics, University of California, Riverside, CA 92521, USA 

G. P. Ovando i'* 

Mathematisches Institut, Albert- Ludwigs- Universitdt Freiburg, Eckerstr. 1, 
D-79104 Freiburg, Germany. 



Abstract 

A complex symplectic structure on a Lie algebra f) is an integrable complex 
structure J with a closed non-degenerate (2, 0)-form. It is determined by J 
and the real part Q of the (2, 0)-form. Suppose that [) is a semi-direct product 
g K V", and both g and V are Lagrangian with respect to fl and totally real 
with respect to J. This note shows that g iK V is its own weak mirror image 
in the sense that the associated differential Gerstenhaber algebras controlling 
the extended deformations of Q and J are isomorphic. 

The geometry of {Q, J) on the semi-direct product g x is also shown 
to be equivalent to that of a torsion-free flat symplectic connection on the 
Lie algebra g. By further exploring a relation between (J, Q) with hypersym- 
plectic algebras, we find an inductive process to build families of complex 
symplectic algebras of dimension 8n from the data of the 4n-dimensional 
ones. 
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1. Introduction 

In this paper, we continue our analysis on weak mirror symmetry of Lie 
algebras with a focus on complex symplectic structures. 

Recall that the extended deformation theory of complex or symplectic 
structures are dictated by their associated differential Gerstenhaber alge- 
bras (a.k.a. DGA) and the induced Gerstenhaber algebra structure on its 
cohomology ring 15|. If M is a manifold with a complex structure J 



and is another manifold with a symplectic structure u with the same 
dimension, then {M,J) and (M^,^) form a weak mirror pair if the asso- 
ciated differential Gerstenhaber algebras DGA(M, J) and DGA(M^,co') are 
quasi-isomorphic (l2| . 

Inspired by the concept of T-duality in mirror symmetry [3] 0, we de- 
velop a set of tools to analyze weak mirror symmetry on semi-direct product 
Lie algebras [7] , and apply it to study complex and symplectic structures on 
real six-dimensional nilpotent algebras in details jsj 

However, the work in 0] does not explain an elementary, but non-trivial 



example on Kodaira-Thurston surface, a real four-dimensional example [13 
Yet Kodaira-Thurston surface is a key example of hyper-symplectic struc 
11 1 joj. As explained by Hitchin, from a G-structure perspective, hyper 



tures 

symplectic structures are the non-compact counterpart of hyper-Kahler struc- 
tures. The unifying feature is a complex symplectic structure, i.e. a 9-closed 
holomorphic non-degenerate (2, 0)-form on complex even- dimensional mani- 
folds O- 

In this notes, we analyze complex symplectic structures adopted to a 
semi-direct product Lie algebra. 

Our first observation is Proposition 14. 3[ which essentially states that if 
g is a Lie algebra symplectic structure u and a torsion-free, fiat, symplectic 
connection 7, then the semi-direct product g P<y V admits a complex sym- 
plectic structure Q such that g and V are totally real, and Lagrangian with 
respect to the real part of Q. Moreover, every complex symplectic structure 
on a Lie algebra with such characteristics arises in exactly this way. Algebras 
with such complex symplectic structures are called special Lagrangian. 
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With a computation using dual representation and the results in [8| and 
0] , we derive the main result of this notes in Theorem 15. 2^ which states that 
a semi-direct product Lie algebra, special Lagrangian with respect to the 
complex symplectic structure is its own weak mirror image. 

It is known that hypersymplectic structures form a special sub-class of 
complex symplectic structure. In Section [HI we explore this relation, and 
find in Theorem 16.11 that whenever one gets a special Lagrangian complex 
symplectic Lie algebra, one gets a tower of such objects in higher dimension. 

In the last section, we produce a few examples explicitly. In particular, we 
put the work of the second author on Kodaira-Thurston within the framework 
of complex symplectic structures and provide a theoretical framework to 



explain the ad hoc computation in [13|. A set of new examples generalizing 



the hypersymplectic structure on Kodaira-Thurston surfaces is constructed. 

2. Summary of Weak Mirror Symmetry 

We briefly review the basic definitions and results in [8j and [7!]. Except 
for key concepts, details are referred to these two papers. 

It is known that for a manifold M with a complex structure J there as- 
sociates a differential Gerstenhaber algebra DGA(M, J) over C. This object 
dictates the deformation theory of the complex structure. For a manifold 
with a symplectic form f2, there also associates a differential Gerstenhaber 
algebra structure DGA(A^, It dictates its deformation theory in an ex- 
tended sense If M and A^ are manifolds of the same dimension, and if 
DGA(M, J) and DGA(A^, w) are quasi-isomorphic, then the pair of struc- 
tures (M, J) and (A^, Vt) are said to be a weak mirror pair [3] 12|. We focus 



on the case when the manifolds in questions are Lie groups, and all geomet- 
ric structures are left-invariant. Therefore, all constructions are expressed 
in terms of Lie algebras. In particular, exterior differential becomes the 
Chevalley-Eilenberg differentials on the dual of a Lie algebra. In this notes, 
if DGA(l) and DGA(2) are two quasi-isomorphic differential Gerstenhaber 
algebras, we denote such a relation by DGA(l) ~ DGA(2). The notation 
DGA(l) = DGA(2) denotes isomorphism. 

Suppose t) is the semi-direct product of a subalgebra q and an abelian 
ideal V: ^ = q \k V . The semi-direct product structure is said to be totally 
real with respect to an integrable complex structure J on [) if 

Jq = V and JV = g. 
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It is said to be Lagrangian with respect to a symplectic form f2 on {) if both 
Q and V are Lagrangian. By contraction in the first variable, a two-form on 
f) is a hnear map from f) to f)*. It is non-degenerate if the induced map is a 
linear isomorphism. If the semi-direct product is Lagrangian, then 

n-.g^V* and : V -> g*. 

Given a semi-direct product i) = g t< V, the adjoint action of g on is a 
representation of g on V. Conversely, given any presentation 7 : g — )■ End{V), 
one could define a Lie bracket on the vector space g © by 

[(x, u), {y, f )] = ([x, y],-f{x)v - -f{y)u), (1) 

where x,y & q and u,v G V. The resulting Lie algebra is denoted by g V^. 
One could take the dual representation 7* : g — )• EndiV*): for any v in V, a 
in V* and x in g, 

(7*(a;)a)f := —a{'y{x)v). 
We address the Lie algebra t) := g k^. as the dual semi-direct product of 

In [7I] , it is noted that weak mirror pairs on semi-direct products are given 
in terms of dual semi-direct products. 

Proposition 2.1. Q Let i) = q V be a semi-direct product totally real 
with respect to an integrable complex structure J. On the dual semi-direct 
product I) = Q t<^* V* , define 

^{{x,fi),{y,jy)) := jy{Jx) - ij{Jy), (2) 

where x^y E g, fi, v E V* . Then is a symplectic form, and the dual semi- 
direct product f) is Lagrangian with respect to Q. Moreover, there is a natural 
isomorphism DGA([), J) = DGA(^, fi). 

Proposition 2.2. [7] Let i) = q V be a semi-direct product Lagrangian 
with respect to a symplectic form Q. On the dual semi-direct product f) = 
g x^. V*, define 

J(x,/x):=(-^]-l(/i),^](x)), (3) 

where x G g and ^ eV* . Then J is an integrable complex structure, and the 
dual semi-direct product \) is totally real with resj)ect to J. Moreover, there 
is a natural isomorphism DGA(f), Q) = DGA([), J). 
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3. Complex Symplectic Algebras 

In this section, we present a few elementary facts on complex symplectic 
structures on Lie algebras. One may globalize the geometry to Lie groups 
by left translation. In favorable situation, the geometry descends to a co- 
compact quotient. Therefore, lots of consideration in this section has its 
counterpart on manifolds. A discussion on the relation between complex 
symplectic structures, hyperKahler structures and hypersymplectic struc- 
tures could be found in pLO,]. We stay focus on Lie algebras. 

Definition 3.1. [oj, [lo[ A complex symplectic structure on a real Lie algebra 
[) is a pair (J, Q^) where J is an integrahle complex structure and Vt^. is a non- 
degenerate closed (2,0) -form. 

Let Qi and fl2 be the real and imaginary parts of Qc respectively, Qc = 
Qi + iQ2- It is immediate that they are closed real two-forms on f). Define 

= {x -iJX el)c:X e t)}, t)°'^ = {x + iJX ei)c:X e I)}. 

They are respectively the +i and —i eigenspace of the complex structure on 
the complexification of f). 

Since the complex structure J is integrable, Bflc = and dflc = 0. By 
definition of non-degeneracy, the map 

is a linear isomorphism. 

Lemma 3.2. On a real vector space with an almost complex structure J the 
real part Qi and imaginary part Q2 of a non- degenerate complex (2, 0)-form 
Qc (ifG non- degenerate two-forms with the properties 

n2{x,Y) = -n^{jx,Y)- (4) 
^]l(Jx, Y) = ^]l(x, JF), n2{jx, y) = n2{x, jy). (5) 

Conversely, given any real non- degenerate two- form VL satisfying let 
VLi = Vt and define ^2 by (jlj), then Vt^ = ^li +^^2 is a non- degenerate (2,0)- 
form. 
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Proof: Suppose Qc is a (2, 0)-form on a real vector space W with almost 
complex structure J for any real vectors X and Y, Qc{X + iJX, Y) = 0. 
Setting Qc = ^1 + ^^2, and taking the real and imaginary part, one get the 
relation in (jl]). 

Since Qi is real, + iJX, Y + iJY) = VLi{X - iJX, Y - iJY). The 

identity for follows. An identical computation shows that Q2 satisfies 
©• 

Conversely, given a real two- form Qi satisfying ([5]). Define ^2 by (j4]), 
then Q2 satisfies (Q. It follows that Qc '■= ^1 + is a (2, 0)-form. 
Consider the non-degeneracy of Qc- ^c{X — iJX) = if and only if 

ni{x) + n2iJX) = o and n^ijx) -n2ix) = 0. 

By (H, n^iX) = VL2{JX). Therefore, VL^{X - iJX) = if and only if 
VLi{X) = and Q2{X) = 0. Therefore, flc is non-degenerate if and only if 
both Qi and Q2 are non-degenerate. ■ 

On a real Lie algebra P) with complex structure J, a (2, 0)-form f2c = 
Qi + is closed if and only if Qi and Q2 are closed. 

Given the complex structure, the Chevalley-Eilenberg differential d has 
a type decomposition. Denote its (l,0)-part by d. Its (0, l)-part by d. The 
integrability of J implies that dflc = if and only if dflc = and dflc = 0. 

Since dQi = 0, for any X, F, Z in f), 

diliiX + iJX, Y - iJY, Z - iJZ) = 0. 

As a consequence of the vanishing Nijenhuis tensor and ([5]), the real and 
imaginary part of the above constraints respectively 

ni{[x,Y],z) + ni{j[jx,Y],z) 

+n,{[z, x],Y) + ni{j[z, jx],Y) = 0. (6) 
r], jz) + ni{j[jx, y], jz) 

+ni{[JZ,X],Y) + Qi{J[JZ, JX],Y) = 0. (7) 

The latter is apparently equivalent to the former as the map J is a real linear 
isomorphism from f) to itself. 

Lemma 3.3. Let I) be a Lie algebra with an integrable complex structure J. 
Let Qi be a symplectic form on t) satisfying ([5]). Define Q2 = —^1 o J, then 
Q2 is a symplectic form and satisfies ([5]) . 
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Proof: Let X, Y, Z be any vectors in f) . By integrability of J, 

dQ2iX,Y,Z) = 

= -niiJ[x,Yiz)-niiJ[Y,z],x)-niiJ[z,x],Y) 
= fii ( [jx, Y],z) + ni{ [X, jY],z)-ni {[jx, jy] , jz) 

( [JY, z],x) + ni{[Y,jz],x) -n^ ( [ jr, jz] , jx) 
( [JZ, x],Y) + ni{[z, JX] ,Y)-ni{ [jz, jx] , jy) . 

Since dVli = 0, the above is equal to 

nii[jx, Y],z) + ni{[z, JX], y) - ni{[z, x], jy) - fii([x, y], jz) 
= -ni{j[jx,Y],jz)-ni{[x,Y],jz) + ni{[z,jx],Y)-ni{[z,x],jY). 

By (jT]), it is equal to 

ni{[jz,x] + j[jz, JX] + [z,jx] - j[z,x],Y), 

which is equal to zero by integrability of J. ■ 

Proposition 3.4. Given a complex structure J on a Lie algebra P), a two- 
form Qc = ^1 + ^-5 non- degenerate and closed if and only if Qi is a 
symplectic form satisfying ([5]) and Q2 = —^1 o J. 

Conversely, if Vti is a symplectic form on [) satisfying define VL2 := 
—Vti o J, then Vti + is a complex symplectic structure. 

Proof: The first part of this proposition is a paraphrase of Lemma 13.21 

Conversely, given Vti = Q. Define ^2 by ([1]). Since the complex structure 
is integrable, and fli satisfies ([5]), dQi = implies that fli satisfies ([6]). As a 
consequent of Lemma [3.31 1^9 = —Qi o J is a symplectic form. ■ 



4. Special Lagrangian Structures 

As a consequence of Proposition 13.41 whenever J is a complex structure 
and is a real symplectic form on a Lie algebra f) such that ([5]) holds, the 
pair (J, Q) is addressed as a complex symplectic structure. However, one 
should note that if is a complex symplectic form with respect to J, so 
is re~^^Qc for any r > and 6 G [0,27r). While the real factor r will only 



7 



change the symplectic forms f2i and by real homothety, the factor e 
changes fli to cos 6* f2i + sin^ Therefore, the geometry related to a choice 
of fli or Q is not invariant of the complex homothety on Qc- As we choose 
to work with a particular choice of fli within complex homothety, straightly 
speaking, we work with polarized complex symplectic structures. 

We examine the characterization of this type of objects when the un- 
derlying algebra is a semi-direct product. A reason for working with semi- 
direct product is due to the fact that the underlying Gerstenhaber algebra 
DGA((), J) of a Lie algebra f) with a complex structure J is the exterior al- 
gebra of a semi-direct product Lie algebra. Therefore, when one searches 
for a weak mirror image for (f), J), it is natural to search among semi-direct 
products. Details for this discussion could be found in In our current in- 
vestigation, the geometry and algebra together also force upon us semi-direct 
product structures. 

Lemma 4.1. Let f) denote a Lie algebra equipped with a complex symplectic 
structure {J,Q). Assume V G i) is an isotropic ideal. Then V is abelian; 
and JV is a suhalgebra. Moreover if V is totally real and Lagrangian then 
= JV kV. 

Proof: Let x,y G V. The closeness condition of fl says for all z in V, 

= n{[x,y],z) + n{[y,z],x) +n{[z,x],y) = n{[x,y],z). 

Since fl is non-degenerate, [x, y] = for all x,y E V. It proves that V is 
abelian. 

Using the fact that V is abelian and the integrability condition of J one 

gets 

[Jx,Jy] = J{[Jx,y] + [x,Jy]) Wx^yeV 

which proves that JV is a subalgebra. 

If V is Lagrangian, then JV is also Lagrangian. Moreover whenever V is 
totally real then V fl JV = {0} and so one gets f) = JV x V^. ■ 

Definition 4.2. Let i) be a real Lie algebra, V an abelian ideal in f) and 
Q a complementary subalgebra so that [) = g x V". We say that a complex 
symplectic structure (J, Q) on f) is special Lagrangian with respect to the semi- 
direct product if g and V are totally real with respect to J and isotropic with 
respect to Q. 
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The rest of this section is to characterize the geometry of a special La- 
grangian structure (J, Q) on q k V in terms of a connection on q. 

The semi-direct product is given by the restriction of the adjoint repre- 
sentation of f) to Q. It becomes a representation p of the Lie subalgebra q on 
the vector space V. There follows a torsion-free flat connection 7 associated 
to the complex structure J f^. For any x,y in q, 

^{x)y:= -Jp{x)Jy. (8) 

Let Qi = Qhe a. two-form on f) in Proposition I3.4[ It satisfies ([7]). Apply this 
formula to x, y, Jz when x,y,z E Q. Since Jz, Jx are in V, and V is abelian, 
[Jz, Jx] = 0. By definition of 7 and the vanishing of its torsion, Identity ([7]) 
is reduced to 

= n{-f{x)y--f{y)x,Jz) + n{-f{y)x,Jz) + n{-f{x)z,Jy) 
= n{-f{x)y,Jz)-n{-f{x)z,Jy). 

As fl2 = ° J- The above is equivalent to 

^2ilix)y, z) - VL2(a{x)z, y) = ^2(7(3^)2/, z) + iliiy, lix)z) = 0. (9) 

Note that is a symplectic form on f). If Q2{x,y) = fli{Jx,y) = for all 
a; e 0, then y = because Jg = V and Qi is isotropic on g. Therefore, 
the restriction of ^2 on g is non-degenerate. So is the restriction of fl2 on 
V. It follows that Q2 is restricted to symplectic forms on g and V. Due 
to Identity ([5]) and the assumption on J being totally real, the symplectic 
structure on V is completely dictated by the restriction of Q2 on g. Denote 
this restriction on g by u. Then (jH]) is equivalent to the symplectic form 00 
on g being parallel with respect to the connection 7. i.e. 

u{-f{x)y,z) + u{y,-f{x)z) = 0. (10) 

In summary, 7 is a torsion-free fiat symplectic connection on g with re- 
spect to the symplectic form u. 

Conversely, suppose g is equipped with a symplectic form u, parallel with 
respect to a fiat torsion-free connection 7 on g. Let V be the underlying 
vector space of g. Define i) := g \x.y V, set 

J{x,y) = {-y,x), (11) 
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then J is an integrable complex structure, g and V are totally real. Note 
that in this case, for x^y E Q, 



-J7(x,0)J(i/,0) = -J7(x,0)(0,i/) = -J(0,7(x)i/) = -(-7(x)i/,0) 

= (7(3^)1/, 0). 



If we use the notation x to denote (x, 0) in f), then the above identity becomes 



Therefore, one may consider the representation 7 playing both the role of 
representation p and the role of the connection 7 in (j8]). This coincidence is 
the consequence of V being the underlying vector space of the Lie algebra g. 
Next, define 



It is apparent that Vti and ^2 are non-degenerate skew-symmetric form on 
f), with and V isotropic with respect to Vti. Moreover, 



^i{J{x,y),J{x',y')) = {-y',x')) = -uj{-y,x') - uj{x, -y') 

= -Q,{{x,y),{x\y')). 

^2{J{x,y),J{x',y')) =n2{{-y,x),{-y',x')) =uj{-y,-y') -uj{x,x') 
= -n2{{x,y),{x',y')). 

-ni{{x,y),J{x',y')) = -ni{{x,y),{-y',x')) = u{x, x') + u{y, -y') 
= ^2{{x,y),{x',y')). 



Therefore, (jl]) and ([5]) are satisfied. 

~dni{{xi,yi), (0:2,1/2), ix3,y3)) 
= yi), {x2, 2/2)], (3:3, 2/3)) + cyclic permutation 

= Qi{{[xi,X2],j{xi)y2 - l{x2)yi), {xy^yz)) + cyclic permutation 
= u{[xi,X2],yz) +u{'^{xi)y2 - l{x2)yi,x-i) + cyclic permutation 
= cu(7(xi)x2, y-i) - uj(ci{x2)xi,y3) + a;(7(xi)2/2, 3:3) - a; (7 (0:2 ) 1/1, X3) 

-l-cyclic permutation. 

It is equal to zero because u is parallel with respect to 7 f fTOj) . Therefore, is 
symplectic. VL2 is also a symplectic form due to dcu = and f lTOj) . Therefore, 
VLc = Qi + iQ2 is closed, and it defines a complex symplectic structure. Below 
is a summary of our observations in this section. 



Jl{.x)Jy = -f{x)y. 



u), {y, v)) := -uj{x, v) - uj{u, y). 
^2{ix, u), {y, v)) := u{x, y) - uj{u, v). 



(12) 
(13) 
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Proposition 4.3. Let \) = qk^V he a semi-direct product algebra. Suppose 
that it admits {VLi+iVL2, J) as a special Lagrangian complex symplectic struc- 
ture. Let u be the restriction of VL2 on g. Then u is a symplectic structure 
on the Lie algebra g, j is a torsion-free, fiat connection on g preserving the 
symplectic structure u. 

Conversely, given a Lie algebra g with a symplectic structure u and a 
torsion-free flat symplectic connection, the semi-direct product g\x^V admits 
a complex symplectic structure (J, Vt) such that both g and V are totally real 
with respect to J and Lagrangian with respect to Vt. 

5. The Dual Semi-direct Product 

Let P)=0X^V^bea semi-direct product with a special Lagrangian com- 
plex holomorphic structure (J, il). Recall that 7 : S — > EndiV) is a repre- 
sentation. It induces a dual representation: 7* : — )■ EndiV*). 

Use x, y, z and a, 6, c to represent generic elements in g. a, /3 to represent 
generic elements in g*, u,v,w to represent generic elements in V, fiji^X to 
represent generic elements in V*. By Proposition 14. 3^ the restriction of 



is a symplectic form on g. By contractions, 00 defines an isomorphism. 

Lemma 5.1. Let V be the underlying symplectic vector space of Lie algebra 
g. The linear map G7:gK^V— >gK^. V^* defined by 



uj{x,y) := -n{Jx,y) 



(14) 



zu{x, u) := (x, uj{u)) 



(15) 



is a Lie algebra isomorphism. 



Proof: By definition of the semi-direct product g x^* V^*, 



[(x, w(m)), (y, uj{v))] = {[x, y],j*{x)u{v) - j*{y)u{u)). 



For all ceV, 




uj{v){-f{x)c) + uj{u){j{y)c) 



uj{v,j{x)c) + uj{u,-f{y)c). 
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Since 7 is a symplectic connection, the last quantity is equal to 

w(7(x)f , c) - uj{'y{y)u, c) = u{-f{x)v - -f{y)u, c) 
= ijj{'y{x)v — ■y{y)u)c. 

As [(x, u), {y, v)] = {[x, y],-f{x)v - i{y)u), 

[(x, uj{u)), {y, uj{v))] = ([x, y],uj{-f{x)v - -f{y)u)). 

m 

On g tKy* V*, define J and by 

J:=woJow~^, •ct7*f2 = f2. (16) 

Since is an isomorphism of Lie algebra, J and Q defines a complex sym- 
plectic structure on [) = g \k^* V* . Explicitly, 

J(x, = w{J{x, u)) = wi^Ju, Jx) = {Ju, u{Jx)). (17) 

n{{x, u{u)), {y, uj{v))) = n{{x, u), {y, v)) = fi(x, v) + n{u, y). (18) 

Also, define ^2 := o J. By (HID and (HID, 

h2{{x,u{u)), {y,u{v))) = -hi{J{x,uj{u)), {y,u{v))) 
= —Q{{Ju, ijj{Jx)), {y, w(f ))) = —Q{Ju, v) — Q{Jx, y) 
= -n{J{x,u), iy,v)) = n2{{x,u), iy,v)). 

The restriction of Q2 on the summand Q in q iK^* V* is identical to the 
restriction of the Q2 on q iK^V. It is the symplectic two-form u. 

By Proposition 12 -H given a totally real complex structure J on[) = g^^V, 
there exists a symplectic form Q on [). It is determined by ([2]). By f[T^ . 
ijj{x) = —Q{Jx). i.e. u{Jx) = Q{x). 

h{{x,uj{u)), {y,uj{v))) = uj{v){Jx) - uj{u){Jy) 
= u{v, Jx) — ijj{u, Jy) = —fl{Jv, Jx) + Q{Ju, Jy) 
= fl{v, x) — Q{u, y). 
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Comparing with fll8l) . we find that Q = —Q. Now we obtain isomorphisms 
of differential Gerstenhaber algebras: 

DGA(f),J) = DGA(^,17) by Proposition ED 
= DGAft h) due to h = -fi, 
^ DGA((),fi) by (dS]) and LemmaO 

Similarly, by Proposition \2.2\ if the semi-direct product [) is Lagrangian 
with respect to the symplectic form Q, there exists a complex structure J on 
[). It is determined by ([3]). 

J(a;,w(M)) = {-n-\uj{u)),n{x)) = {n-\n{Ju)),uj{Jx)) 
= {Ju,uj{Jx)). 

Comparing with fll7l) . we find that J = J. Therefore, we again obtain the 
isomorphisms: 

DGA([),fi) = DGA(^,J) by Proposition O 
= DGA(^,J) due to J=J 
^ DGA(f), J) by ([ISD and LemmaO 

The last two strings of isomorphisms yield the main observation in this notes. 

Theorem 5.2. Every special Lagrangian complex symplectic semi-direct prod- 
uct is isomorphic to its mirror image. 

To he precise, let i) = q k V be a semi-direct product, J an integrable 
complex structure, = + 0. closed (2,0) -form such that i) is totally 
real with respect to J and Lagrangian with respect to fl = fli, then f) = f) as 
Lie algebras, and DGA(f}, J) = DGA(f), fi) = DGA(^, J) = DGA(^, h). 

6. Relation to Hypersymplectic Geometry 

Given a special Lagrangian complex symplectic Lie algebra = Xp 
with {Q, J), there are more structures naturally tied to the given ones. For 
instance, consider the linear map E : QXpV ^ Qt<pV defined by £^ = 1 on g 
and E = —1 on V . Then E is an example of an almost product structure [sj. 
Since both q and V are Lie subalgebras of f), this almost product structure 
is integrable, or a product structure without qualification. Since JV = q 
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and Jq = V, JE = —EJ. Therefore, the pair {J,E} forms an example of a 
complex product structure j^. 

Given any complex product structure, there exists a unique torsion-free 
connection F on [) with respect to which J and E are parallel. For x, y, x', y' 
in 0, define 

^{x+jx')iy + Jy') ■= -Jp{x)Jy + p{x)Jy'. (19) 

In terms of the direct sum decomposition [) = g Kp\/, we use (x, 0) to denote 
an element x in g. Then for any y ^ Q, Jy = {0,y). It follows that the 
connection with respect to the direct sum decomposition is given by 

^{x,x'){y,y') ■= {p{x)y,p{x)y'). (20) 

We check that this is a torsion-free connection. 

^(x+jx')iy + Jy') -T(y+jy>){x + Jx') - [x + Jx',y + Jy'] 
= {-Jp{x)Jy + p{x)Jy') - {-Jp{y)Jx + p{y)Jx') - ([x, y] + p{x)Jy' - p{y) 
= -Jp{x)Jy + Jp{y)Jx-[x,y] 
= l{x)y -l{y)x-[x,y]. 

Therefore, F is torsion- free if and only if the connection 7 is torsion- free. 
To compute FJ, we find 

^ix+jx')J{y + Jy') - J'^{x+jx'){y + Jy') 
= ^{x+jx'){.-y' + Jy) - J{-Jp{x)Jy + p{x)Jy') 
= Jp{x)Jy' + p{x)Jy — p{x)Jy — Jp{x)Jy' = 0. 

Therefore, F J = 0. Similarly, TE = because 

T(^^+j^>)E{y + Jy') - ET(^^+j^'){y + Jy') 
= ^ix+.jx')iy - Jy') - E{-Jp{x)Jy + p{x)Jy') 
= —Jp{x)Jy — p{x)Jy' + Jp{x)Jy — p{x)Jy' = 0. 

Note that TE = implies that the connection F preserves the eigenspaces 
and V. Therefore, one may consider the restriction of F onto the respective 
subspaces. Indeed, the restriction of F onto the -|-1 eigenspace g is precisely 
the connection 7 as seen in ([8]). 

Recall that the real and imaginary parts of the complex symplectic form 
are two different real symplectic forms. In a direct sum decomposition, they 
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are respectively given by fll2l) and fll3l) . We now consider a third differential 
form. 

fi3((x, u), (y, v)) = Lu{x, y) + u{u, v). (21) 
The three differential forms are related by the endomorphisms J and E: 

Q,{{x,u),{y,v)) = Q2{J{x,u),{y,v)), (22) 
ns{{x,u),{y,v)) = n2iEix,u),{y,v)). (23) 

Treating the contraction with the first entry in any 2-form as an endomor- 
phism from a vector space to its dual, we have 

fii = ^2 o J, 1^3 = ^2 o 1^1 = o J o E, (24) 
= -Qi oj, Q2 = ^3 E, Qs = -Qi oEoJ. (25) 

Define a bilinear form (7 on f) by 

giix, u), {y, v)) := n2{JE{x, u), {y, v)) = -uj{x, v) + u{u, y). (26) 

It is a non-degenerate symmetric bilinear form on a 4n- dimensional vector 
space with signature (2n, 2n), also known as a neutral metric. Since 

JoJ=-I, EoE = l, {JoE)o{JoE)=l, J o E = -J oE, (27) 

where I is the identity map, we could express the three 2-forms in terms of 
the neutral metric g and the complex product structures {J, E, JE}. 

fii(., .) = g{E; .), n2{; •) = 9{JE; •), •) = g{J; •). (28) 

By 0, Proposition 5], d^l2 = implies that dVl^ = 0. Also dQ2 = if 
and only if dQi = 0. Given the complex symplectic structure, Qi and ^2 are 
closed. Therefore, ^3 is also closed. It follows that {g, 0,1,0,2,^3) forms a 
hypersymplectic structure. In addition, by 0, Corollary 10], the connection 
r is the Levi-Civita connection for the neutral metric g. Since TJ = and 
TE = 0, it follows that 

mi = m2 = TOs = 0. (29) 

In addition, since Tjx = for all a; G 0, and it is only a matter of tracing 
definitions to verify that 

r^Tx' rx'Tx r^x.a;'] o. 

The connection F is flat. As a consequence of the second part of Proposition 
14.31 we have the following. 
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Theorem 6.1. Let g be a symplectic Lie algebra with a torsion-free, flat 
symplectic connection 7 on the underlying vector space V of the Lie algebra. 
Then the space i) = g tx^y V admits a hypersymplectic structure {^1,^2, ^3} 
such that the Levi-Civita connection T of the associated neutral metric is flat, 
and symplectic with respect to each of the three given symplectic structures. 

In particular, each of these three symplectic structures induces a complex 
symplectic structure on Ky W where W is the underlying vector space of 
the algebra f). 

7. Examples 

In this section, we present exphcit computations. Theorem 16.11 of the 
previous section provide further examples for exploration. 

To recap, (0,0;) denote a real Lie algebra equipped with a symplectic 
structure. Let V denote the underlying vector space of g. We seek a linear 
map 7:0—)- EndiV) such that for all x,y,z E g, it is 

• torsion-free: ■y{x)y — ■y{y)x = [x,y]; 

• symplectic: ijj{'y{x)y, z) + u{y,'y{x)z) = 0; 

• fiat: 7(k,Z/]) = l{xh{y) --f{y)-f{x). 

The last two conditions are equivalent to require the map 7 to admit a 
symplectic representation of g on (y,u): 

j:g^5piV,co). (30) 

On g, choose a basis {ei, . . . ,e2n}- Then the dual basis is denoted by 
{e^, . . . , e^"} such that the symplectic form is 

= A + ■ ■ ■ + e'"-^ A e'". 

Let V be the underlying symplectic vector space for the Lie algebra g. 
The corresponding basis and dual basis are respectively {vi, . . . ,V2n} and 
{v^, . . . , t>^"}. Let ■jjl and c^^. be the structural constants for the representa- 
tion 7 and the algebra g: 

7(ej)efc = -fjid, and [ej^Ck] = Cj[ei. 
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Then the structure equations for the semi-direct product i) = q k^V are 

[ej , ek] = Cj[ei , [ej , Vk] = i-^v^ . (31) 

The complex structure J is determined by Jcj = Vj as dictated by (fTT]) . The 
three real symplectic forms on the semi-direct product \) are given by (|T2ll . 
f lT3|) and fl2T]) respectively: 

^1 = EJ=i(-e'^"' A + A t^^i-i); (32) 
^2 = E"=i(e'-'"' A e^^' - v'^-^ A t;^^). (33) 
^3 = Ei=i(e'^"' A e^J' + v"^-^ A t;^^). (34) 

1.1. Four- dimensional examples 

There are only two two-dimensional Lie algebras, the abelian one and 
the algebra ciff(M) of afiine transformations on M. 

Consider as an abelian Lie algebra with its canonical symplectic struc- 
ture oj = A e^. 

Proposition 7.1. [1] All torsion-free, flat, symplectic connection on the 
abelian algebra is equivalent to (M^,7,e"'^ A e^), where 7 is either trivial 
(7 = 0), or 

7(ei)=(° 0), 7(62) =0. 

As a consequence, the resulting four-dimensional complex symplectic Lie 
algebras are either abelian or isomorphic to the trivial one- dimensional ex- 
tension of the three-dimensional Heisenberg Lie algebra. We make further 
change of notations to facilitate future computations. With respect to a 
vector space decomposition of g = tx^ M^, a basis is given by 

/i = (ei,0) = ei, /2 = (62,0) = 62, /s = (0,61) = /4 = (0, 62) = t;2- 

Then the non-trivial example given in Proposition 17.11 above implies that 
7(ei)/3 = /4 on the semi-direct product. The structure equation for q is 
given by 

[/i,/3] = (0,7(ei)ei) = (0,62) = /4. (35) 
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The two symplectic forms on g are respectively 

n, = -f'Af + fAf, n2 = f'Af-fAf\ (36) 
Moreover, the complex structure J on g is 

Jfi = fs, Jf2 = U (37) 



Here we recover the complex and symplectic structures studied in [13|, and 
hence the related claim on the self-mirror property 13|, Theorem 19]. 
In the context of hypersymplectic structure, the third 2-form is 

n, = fAf + fA f\ (38) 



Consider next aff(M) the Lie algebra spanned by ei,e2 with the Lie 
bracket [ei, 62] = 62, with symplectic structure u = A e^. 

Proposition 7.2. jl| torsion-free, flat, symplectic connection on the al- 
gebra of group of affine transformations aff(R) is equivalent to (aff(]R), 7, A 
e^), where 7 is one of the following. 

• 7(ei) = ( 0^ 1)' ^'^^^'^ " °' 

*^^''^={~T 1/2)'^^^^)= (-V2 o)- 

With these connections on aff(]R), one applies Proposition 14.31 to construct 
two complex symplectic algebras in real-dimension four. 

Corollary 7.3. Suppose that qk^V is a non-abelian four- dimensional semi- 
direct product such that it is special Lagrangian with respect to {J,fl), a com- 
plex symplectic structure, then it is one of three cases. With respect to a basis 
{fi, f2, fs, f^} , the structure equations are respectively 

• [/l,/3] = fi, 

• [/i) /2] = f2, /a] = —fz, [/i) /J = fi- 

• [/l,/2] = f2, [fli fz] = — I/S; [/l,/4] = I/4, [f2, fs] = — 1/4- 

The complex structure is determined by Jci = 63, J 62 = 64. The complex 
symplectic form is f2c = fii + ^^2 = i{f^ + if^) A (/^ + if^). where Q = Qi = 
_/i A r + /2 A /3 and = f A p - f^ A f\ 
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1.2. An example of Theorem \6.1\ 

To construct an explicit example for Theorem l6.lt we consider the canon- 
ically induced structure on the non-trivial semi-direct product extending 
f) := as given in Proposition 17.11 On this space, we choose a 

basis in terms of the direct sum [) © where W is the underlying vector 
space of f): 

/, = (/„0), t;, = (0,/,), forl<j<4. (39) 

By (120|) . a torsion-free, fiat, symmetric connection F on the direct sum f)©!^ 
is given by 

Since the only non-trivial term is given by 7(/i)/3 = /4, the non-trivial terms 
for r are given by 

T/i/a = /4, Tf^v^ = V4. (41) 
They also determine the structural equations for the algebra f) Xr W: 

[/l,/3] = /4, [fuvs]=v,. (42) 

This algebra is eight- dimensional. Its center is five- dimensional, spanned by 
f2, fi,vi,V2,V4. Since the commutator C(f)) = span{f4,V4} is contained in 
the center, [) is a 2-step nilpotent Lie algebra. 

Work in Section |6] shows that the connection F is torsion-free, flat and 
symplectic with respect to the symplectic forms Qi, Q2 in (ES]) and ^3 in fl55]l . 
By Theorem 16. Ij any real linear combination of these symplectic form deter- 
mines a complex symplectic structure on the real eight-dimensional algebra 
f) Xr W. 

7.3. 2-step nilmanifolds with hypersymplectic structures 

We shall produce 2-step nilpotent Lie algebras f) carrying hypersymplectic 
structures, generalizing the first Lie algebra in Corollary 17.31 
Let u denote the canonical symplectic structure on M^": 



^e'Ae'+". (43) 



u = 

1=1 

Let Ai, . . . , Anhe n X n-symmetric matrices. Let 7 : M^" — )■ sp{2n, u) be the 
linear map represented, in the basis 61,62, ... , 62n, by the matrices: 

7(ei) = 0)' 7(ei+n)=0, for alH = 1, 2, . . . n. 
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Treating ] 
that [7(64 



p2n 



as the trivial abehan algebra, then 7 is a representation. Notice 
,7(ej)] = so that 7 gives rise to a flat, symplectic connection on 



The torsion-free condition on M requires 7(ei)ej = 7(ej)ei for all z,j = 
1,2, ... ,n. It is equivalent to require that the j-th column of A, is equal to 
the i-th column of Aj. Hence for n = 1 one gets 



7(ei) 




a 



7(62) = 0. 



It compares with the non-trivial connection in Proposition 17.11 For n = 2 



7(ei) 



/O 0\ 



a b 

\6 c 0/ 



7(62) 



/O 0\ 



6 c 

\c d 0/ 



7(63) = = 7(64), 



where all coefficients in the matrices above are real numbers. 



The resulting Lie algebra f) = M " x^R is a 2-step nilpotent Lie algebra. 



In fact, take ei, 62, ... , e2n, ^1,^2, • - 
Lie bracket relations are given by 



V2n a basis of I). Then the non-trivial 



(44) 



k=l 



for all 1 < i, j < n, where for each i (a^j) is the matrix Ai. As the commutator 
of [) is generated by {fn+i, Vn+2, ■ ■ ■ , V2n}, which belongs to the center of f), f} 
is 2-step nilpotent. It is non-abelian if at least one of the matrices Ai is not 
trivial. By Theorem 16. i) carries a hypersymplectic structure. 

If all the coefficients a^^ are rational numbers, the simply connected Lie 
group H with Lie algebra i) admits a co-compact lattice. The resulting space 
may be considered as a generalization of the Kodair a- Thurston surface, as 
seen from the perspective of a hypersymplectic manifold in 



11 



Acknowledgment G. P. Ovando is partially supported by CONICET, 
Secyt UNC, ANPCyT and DAAD. Y. S. Poon is partially supported by NSF 
DMS-0906264. 



20 



References 

[1] A. Andrada, Hyper symplectic Lie algebras, J. Geom. Phys. 56 (2006) 
2039-2067. 

[2] A. Andrada & I. G. Dotti, Double products and hypersymplectic struc- 
tures on R''", Comm. Math. Phys. 262 (2006) 1-16. 

[3] A. Andrada & S. Salamon, Complex product structures on Lie algebras, 
Forum Math. 17 (2005) 261-295. 

[4] S. Barannikov & M. Kontsevich, Frobenius manifolds and formality of 
Lie algebras of poly vector fields, Internat. Math. Res. Notices 14 (1998) 
201-215. 

[5] O. Ben-Bassat, Mirror symmetry and generalized complex manifolds. I 
& II. The transform on vector bundles, spinors, and branes, J. Geom. 
Phys. 56 (2006) 533-558, 1096-1115. 

[6] A. Besse, Einstein Manifolds, Springer Verlag, New York, 1997. 

[7] R. Cleyton, J. Lauret & Y. S. Poon, Weak mirror symmetry of Lie 
algebras, J. Symplectic Geom. (to appear). 

[8] R. Cleyton & Y. S. Poon, Differential Gerstenhaber algebras associated 
to nilpotent algebras, Asian J. Math. 12 (2008) 225-250. 

[9] A. Fino, H. Pedersen, Y. S. Poon & M. Y. S0rensen, Neutral Calabi- 
Yau structures on Kodaira manifolds. Comm. Math. Phys. 248 (2004) 
255-268. 

[10] N. J. Hitchin, Hypersymplectic quotients, ACTA Academiae Scientiarum 
Taurinensis, Supplemento al numero 124 (1990), 169-180. 

[11] H. Kamada, Neutral hyper-Kdhler metrics on primary Kodaira surfaces, 
Tsukuba J. Math., 23 (1999) 321-332. 

[12] S. A. Mcrkulov, A note on extended complex manifolds. Symplectic and 
contact topology: interactions and perspectives (Toronto, ON/Montreal, 
QC, 2001), 145-155, Fields Inst. Commun., 35, Amer. Math. Soc, Prov- 
idence, RI, 2003. 



21 



[13] Y. S. Poon, Extended deformation of Kodaira surfaces, J. reine angew. 
Math. 590 (2006) 45-65. 

[14] A. Strominger, S. T. Yau & E. Zaslow, Mirror symmetry in T-duality, 
Nucl. Phys. B 479 (1996) 243-259. 

[15] J. Zhou, Homological perturbation theory and mirror symmetry, Acta 
Math. Sinica, Enghsh Version. 19 (2003) 695-714. 



22 



